arXiv:math/051221 Ivl [math.DG] 10 Dec 2005 


On deformations 
of 

generalized Calabi-Yan, hyperKahler, 
G 2 and Spin(7) strnctnres I 


Ryushi Goto 


Department of Mathematics, 
Graduate School of Science, 
Osaka university 


Abstract. In this paper we will introduce a new notion of geometric structures defined 
by systems of closed differential forms in term of the Clifford algebra of the direct 
sum of the tangent bundle and the cotangent bundle on a manifold. We develop a 
unified approach of a deformation problem and establish a criterion of unobstructed 
deformations of the structures from a cohomological point of view. We construct the 
moduli spaces of the structures by using the action of b-fields and show that the period 
map of the moduli space is locally injective under a cohomological condition (the local 
Torelli type theorem). We apply our approach to generalized Calabi-Yau (metrical) 
structures and obtain an analog of the theorem by Bogomolov-Tian-Todorov. Further 
we prove that deformations of generalized Spin(7) structures are unobstructed. 
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§0 Introduction 

In a paper [Go], the author introduced a notion of geometric structures dehned 
by systems of closed differential forms which are based on the action of the gauge 
group of the tangent bundle on a manifold. This approach provides a systematic 
construction of smooth moduli spaces of Calabi-Yau, hyperKahler, G 2 and Spin(7) 
structures. In a paper [Hil] Hitchin presented a generalized geometry, which depend 
on a suggestive idea of replacing the tangent bundle by the direct sum of the tangent 
bundle T and the cotangent bundle T* . The generalized geometry is a current issue 
which is rapidly studied in differential geometry and mathematical physics. However 
the idea of generalized geometry is perhaps not as widely appreciated as it should 
be. A possible reason for this is that the generalized geometry is at present restricted 
to rather special cases. In this paper we will develop the idea of the generalized 
geometry from a wide view point as in [Go] which is of general nature together with 
some new applications. Since there is an indehnite metric on the direct sum T © T* 
on a manifold X, then the bundle of the Glifford algebras GL(Y) of T©T* naturally 
appears and we obtain various hbre bundles of Lie groups such as Spin, Pin and 
conformal Pin group Gpin(Y) which act on the differential forms on X by the spin 
representation. Then we introduce a notion of geometric structures which are dehned 
by systems of closed differential forms in an orbit of the action of the conformal pin 
group. We develop a deformation problem of the structures and establish a criterion 
for unobstructed deformations of the structures and study a problem for when the 
local Torelli type theorem holds (theorem 3-7, 8 and 9). Then we apply our approach 
to interesting special cases of generalized structures discussed in [Hil], [Gul]. For 
instance, generalized SLn(C) structures are dehned as complex pure spinors with a 
non-degenerate condition which are a generalization of complex structures with trivial 
canonical line bundle. Note that we call them generalized 5'L^(C) structures because 
the special linear group SL^(C) naturally arises as the isotropy group, (see [Go] for 
SL^(C) structures). A generalized SL^(C) structure (f) induces a generalized complex 
structure 77^. Then our criterion easily implies 

Theorem 4-1-6. If we have the dd'^-property for the corresponding a generalized 
SL^(C) structure (f, then (f> is a topological structure, so that is, we have unobstructed 
deformations of (f> on which the local Torelli type theorem holds. 

The dd"^- property is a generalization of ordinary cicl-lemma in Kahler geometry 
and Gualtieri shows that the dd'^ property holds for generalized Kahler structures 
[Gu2]. A Galabi-Yau (metrical) structure in [Gul] is a pair consisting of generalized 
SLn(C) structures fo and fi such that the corresponding pair of generalized complex 
structures yields a generalized Kahler structure. Deformations of such pairs seems to 
be complicated, however it is observed that our systematic approach is adapted to 
obtain unobstructed deformations of Galabi-Yau (metrical) structures and the local 
Torelli type theorem of them (theorem 4-2-3). 



ON DEFORMATIONS OF GENERALIZED STRUCTURES 


3 


Li also shows a result of deformations of generalized complex structure [Li], It is 
worthwhile to mention that there is a relation between deformations of generalized 
SLn(C) structures and ones of generalized complex structures (Proposition 4-1-7). If 
we have the dd'^-property, there is a surjective map from deformations of general¬ 
ized SLn(C) structures to ones of generalized complex structures, so that is, both 
deformations are essentially same, which yields an another proof of the result by Li. 
We give a brief outline of this paper. In section 0, we present an exposition of the 
Clifford algebras of the direct sum of a real vector space V and the dual space V* and 
various groups such as Spin, Pin and conformal pin groups. It is important that the 
exponential (resp. e^) for a 2-form b G /\^V* (resp. a 2-vector /? E f\^V) gives an 
element of the spin group. The materials in this section are already well explained in 
[L-M], [Ha] and [Hilj. In section 2, we introduce a subbundle CL^ over a manifold X 
which gives a hltration of the even Clifford bundle and one of the odd Clifford bundle 


CL° C CL2 c CL^ C ■ ■ ■ , 
CL^ C CL^ C CL® C ■ ■ ■ . 


Further we discuss differential operators acting on differential forms on X which arise 
as commutators between the exterior derivative d and the action of the Clifford algebra 
CL. The Clifford-Lie operators of order 3 are introduced in dehnition 2-2 which are 
invariant under the adjoint action of e“ for a E CL^ (lemma 2-4). The exterior 
derivative d is a Clifford-Lie operator of order 3 and it follows that e““ o d o e“ is 
also a Clifford-Lie operator of order 3, which play a signihcant role in studying the 
deformation problem. In section 3, a notion of geometric structures is introduced. 
We start with the direct sum of the real vector space H of n dim and the dual space 
V*. The conformal pin group Cpin(I/ © H*) of H linearly acts on the direct 

sum of skew-symmetric tensors ©^ A* V*. Let $ = ((/>!, • ■ ■ , (f)i) be an element of the 
direct sum ©^ A* V* and B{V) the orbit of Cpin(I/ © V*) through $. We £x the orbit 
B(y) and goes to a oriented, compact manifold X of dim n. The orbit B{V) yields 
the orbit in A* T*X for each point x E X and we have a hbre bunele B{X) by 

BiX) := IJ BiT^X) ^ X 

xex 


The set of global sections of B{X) is denoted by Ss{X) and then we dehne a B{V)- 
structure on W by a d-closed section of SjsiX). We denote by VJlisiX) the set of 
i3(H)-structures on X : 


MeiX) = { $ e SeiX) | d$ = 0 }. 
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Then we define a modnli space of i3(y)-strnctnres on X by the qnotient space : 

mi3(x) = mi3(x)/Diffo(x), 


where Diffo(X) is an extension of the diffeomorphisms of X by the action of d-exact 
6-fields (see definition 3-2). Since the de Rham cohomology class of $ is invariant 
nnder the action of Diffo (^)5 we have the Period map : 

In order to discnss deformations of a j13(V) strnctnre $, we introdnce a snitable de¬ 
formation complex (proposition 3-3) : 

0 -^E-i(X) E^(X) Ei(X) ^ E^(X) , 

Each vector bnndle E^“^(X) is defined by the action of the Clifford snbbnndle CL^ of 
$, so that is, E^“^(X) = CL^ ■ $ and the differential operator dk is the restriction of 
d to the bnndle E^(X). An orbit B{V) is an elliptic orbit if the deformation complex 
is an elliptic complex. It is observed that the complex is a snbcomplex of the 
direct snm of the de Rham complex and we have the map from the cohomology 
gronps of the complex ^b to the direct snm of the de Rham cohomology 

gronps. We say a i3(R)-strnctnre $ is a topological structure if the map pg is injective 
for /c = 1,2 (definition 3-5). Onr criterion for nnobstrncted deformations and the 
local Torelli type theorem is shown in theorem 3-7 : 

Theorem 3-7. Let BiV) he an elliptic orbit and $ a BiV)-structure on a compact 
and oriented n-manifold X. If ^ is a topological structure, then deformations o/$ 
are unobstructed and the deformation space o/$ is locally embedded into the de Rham 
cohomology group H’^^{X). In particular, if an orbit BiV) is elliptic and topological, 
the period map Pb of the moduli space OJIb(W) of BiV) structures on X is locally 
injective. 

In section 4 we apply onr approach to generalized SL^(C) strnctnres and gener¬ 
alized Calabi-Yan (metrical) strnctnres. In section 5, we introdnce generalized hy- 
perKahler, G 2 and Spin(7) strnctnres as special i3(R)-strnctnres. The generalized 
exceptional strnctnre (G 2 and Spin(7) ) are discnssed by Witt [W] from other point 
of view. Onr approach is adapted in these interesting cases. For instance, we will 
show that deformations of generalized Spin(7) strnctnres are nnobstrncted. We will 
discnss the deformation problems of other special strnctnres in a forthcoming paper. 
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§1. Clifford algebras and Spin groups 

§1-1. Let C be an n dimensional real vector space and V* the dnal space of V. We 
denote by 'r]{v) by the natnral conpling between v eV and rj E V*. Then there is an 
indehnite bilinear form (, ) on the direct snm V (BV* which is dehned by 

( 1 - 1 - 1 ) (^ 1 , E 2 ) = ^miv2) + 

where Ei = Vi + r]i E V (B V* for i = 1, 2. (In particnlar the norm H-E'lP = {E, E).) 
We consider C © C* as the 2n dimensional vector space and denote by ©^(C © V*) 
the tensor prodnct of /c-copies of C © C*. Let 

00 

(1-1-2) ©(C© W) := ^©^(C© W). 

i=0 

be the the tensor algebra of {V ©C*) (Note that ©^(1/©C*) = M), and dehne X to be 
the two-sided ideal in ©(C © V*) generated by all elements of the form E ®E — Ill'll 1 
for X e C © C*. Then the Clifford algebra CL{V © V*) is dehned to be the qnotient 
algebra with the nnit 1 : 

(1-1-3) CL(C© W) = ©(C© W)/J. 


The prodnct of the Clifford algebra is called the Clifford prodnct which is denoted by 
a ■ /3 for a, /? e CL(C © V*) and for all X, X e C © C*, 

(1-1-4) X-X + X-X= (X,X)1. 

Since the ideal X is generated by tensors of degree 2, the Clifford algebra CL(y © C*) 
is decomposed into the even part and the odd part : 

(1-1-5) CL(C © V*) = CL®'^®" © 


There are two involntions of CL{V © V*) which play the smart roles. The hrst one is 
dehned by the decomposition (1-1-5) : 


( 1 - 1 - 6 ) 



+a, (a e CL®''^"), 
-a, {a E CL°‘i‘i), 


for a E CL(y © C*). If we reverse the order in a simple prodnct a = Ei ■ E 2 ■ ■ ■ Ek E 
CL{V © C*) ( Xi e C © C*), we obtain the second involntion a of CL{V © C*): 


( 1 - 1 - 7 ) 


a{a) = En - ■ ■ E 2 ■ El. 
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Since there is the natural isomorphism between the skew-symmetric tensors A*(y © 
V*) and CL{V © F*) as M-module, there is the metric (, ) on CL{V © V*) which is 
written as 

(1-1-8) (a,/l) = ^(l,a(a)/l), 

for a,/3 E CL{V © F*). In particular we denote by ||a|| the Clifford norm of a : 
(1-1-9) ||ci||^ {a,a) — -(1, a{a)a). 

Let f\^V* be the space of skew-symmetric tensor of degree p and S the direct sum of 
the spaces of skew-symmetric tensors : 

(1-1-10) 5 ©;)Lo AP CL 

Then E = v -\- rj eV ®V* acts on S by the interior and the exterior product : 
(1-1-11) E ■ (j) — iy(j) + rj A (j) 

Since we have the identity : 

(1-1-12) iyT] A(j) + r] Aiy(j) ^ \\E\\‘^(j), 

we have the action of CL{V © C*) on S',(which is called the spin representation). Let 
CL{V © C*)^ be the group which consists of invertible elements of CL{V © C*). For 
each g E CL{V © C*)^ we define a linear map Adg: CL{V © V*) CL{V © V*) by 

(1-1-13) Mg{a) ■.= r^ag, (a e CL(1/© C*)), 

where g is the first involution of g. Note that the image Adg(C © y*) is not a 
subspace of C © C* for a general g E CL{V © C*)^. The conformal pin group 
Cpin(= Cpin(l/ © C*)) is a subgroup of CL{V © V*)^ which defined by 

(1-1-14) Cpin :={gE CL{V © C*)'' | MgiV ®V*)cV®V* }. 

Since Adg is an orthogonal endmorphism of C © Id*, we have the short exact sequence 


Cpin 


Ad 


0 ( 1 /©!/* 


1 . 


(1-1-15) 



ON DEFORMATIONS OF GENERALIZED STRUCTURES 


7 


Since each element of the conformal pin gronp Cpin is written as a simple prodnct, 
it follows that the Clifford norm of g Cpin is given by \\g\\‘^ = (^{g) ■ g- We dehne 
the Pin gronp Pin(= Pin(l/ © C*)) by 

(1-1-16) Pin = {^ e Cpin| ll^ll = ±1 }, 

and the Spin gronp Spin(= Spin(l/ © C*)) is dehned by 

(1-1-17) Spin := Pin C CL®''®". 

Then we also have the short exact seqnence : 

(1-1-18) 1 ^Z2 ^Spin ^ SO(C©W) ^1. 

We denote by Spino(= Spino(C © C*)) the identity component of Spin. Then Sping 
is given by 


(1-1-19) Spino = {fir e Spin] || 5 f|| = 1}. 

§1-2. The Lie algebra so(C © V*) of the Lie gronp SO(C © V*) is decomposed into 
three parts : 

(1-2-1) so{y © V*) = End(C) © aV © aV*. 


Each a Gso(E © E*) is written as a form of matrix : 


[A (3 
V b -A* 


5 


where A GEndCP), b G A^E*, jS G /\^V and A* G EndCP) is dehned by A*{r]){v) = 
rj{Av) for n G E and ry G E*. (Note that b: V ^ V* and (3: V* ^ V.) Then the Lie 
gronp GL(1/) is embedded into SO(E ®V*) : 

(1-2-2) (9*r0’ 

Fnrther for b G /AV* and (3 G tAV we dehne and by : 

e'' = i + i-+li-U.... 

— \ + (3 + -^ 0 ^ 4 - ■ ■ ■ , 
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then and are elements of Spino respectively. Let GLo(V^) be the identity com¬ 
ponent of GLlG). We denote by q the embedding (1-2-2) of GLnfG) into the identity 
component of SOo(G ®V*) : 

(1-2-3) q: GLo(G) ^ SOo(G© W). 

Let Ad be the covering map Ad: Spino —> SOo(G © G*) as before. Then there is a 
map p: GLo(G) —Spino snch that Adop = g, so that is, p is the lift of the map q : 


(1-2-4) 


GLo(G) ^ Spino 

Ad 

GLo(G) ^ SOo. 


The representation S of the Glifford algebra GL(G©G*) restricts to the representation 
Pspin of Spino. 


(1-2-5) 


Pspi„: Spino ^ GL(S). 


We also denote by linear representation of GL(G) on A*G*. The composition 

Pspin op gives rise to a representation of GLo(G). 

Lemma 1-2-1. The representation Pspin o p is given by 

Pspin = (detG*)^ © (PGL)“^ 

where (detG*)5 is the half of the determinant representation. 


§2. Clifford-Lie operators 

We nse the same notation as in section 1. Let W be a real manifold of dim n. Then 
we consider the direct snm T © T* of the tangent bnndle T = TX and the cotangent 
bnndle T* =T*X. Let CL(A:) = CL(T © T*) be the Clifford bnndle on W : 

cl(a:) := IJ cl(t^a: © Tfx) x. 

xex 


We also dehne the conformal pin gronp-bnndle Cpin(W)=Cpin(T © T*) by : 

Cpin(A:) := IJ Cpin(T^A: © TfX) X. 
xex 
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Let TT be the natural projection, 

tt: ®(T©T*) ^CL(X) = ®(T©T*)/J. 
We denote by CL^* the image 

:=7r(©j=o (T©T*)) . 

Then we have a hltration of : 


CL° C CL^ c CL^ C ■ ■ ■ . 


We also have a hltration of CL°'^'^ which dehned by 


CL^ C CL^ C CL^ C ■ ■ • , 


where 

:= tt (©j=o (T © T*)) . 

Let 5'(W) be the bundle of differential forms A*T*X over a manifold X. By using the 
spin representation on each hbre as in section 1, the bundle of the Clifford algebra 
CL(W) acts on S{X). Let Ce be the anti-commutator {d, E} = dE + Ed for a section 
E of the bundle T © T*. (For simplicity, we denote it by i? G CL^ = T © T*.) If 
we denote E = v + 9eT(BT* then Ce = Cy + (dd), where Cy is the ordinary Lie 
derivative and (dd) acts on S{X) by the wedge product. Next we consider a bracket 
[Ce, E]=CeE- ECe for E,E eT®T*. 

Lemma 2-1. The bracket [Ce,E] is a section of T ©T*. 

proof. When we write E = v + 9, E = w + 'r]&T(BT*, then we have 

[Ce, T] =[Cy + (dd), w + r]] 

= [Cy, w] + [Cy, rf\ + [(dd), w] + [(dd), rj] 

= [v,w] + {CyT]) + [(dd),M;]. 

Since [(dd), rc] G (T © T*), we have the result. □ 

In this paper Clifford algebra valued Lie derivatives play an signihcant role. 

Definition 2-2(Clifford-Lie operators). A Clifford-Lie operator of order 3 on X 
is a differential operator acting on S{X) which is locally written as 

L = Y,(^"^E,Ce,+K, 
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on every open set U on X for some Ei e CL^(Tt/ ®T*U), Oij G C°°{U) and K G 
CL^{TU ®T*U). 

Let {xi, ■ ■ ■ ,Xn} he a local coordinates of X. We denote by Vi the vector field ^ 
and 9^ = dx^. Then the extrior derivative d is locally written as 

n 

i=0 

Hence d is the Clifford-Lie operator of order 3. 

Let a be a section of CL^(T © T*). Then we have 

Lemma 2-3. If L is a Clifford-Lie operator of order 3 then the commutator [L, a] is 
also a Clifford-Lie operator of order 3. 

proof. Let / be a fnnction on X and E = v -\- 6 a section of T © T*. Since we have 

CEfa = {CEf)a + fCEtt, 

where CEf = E^f & C°°{X). We have the following eqnality on an open set Lf on X: 

[L, fa] =L{fa) - faL 

= ^ UijEiCEj (fa) - faL + K 

= Y^aijEi{CEj)a + f[L,a]. 


Since Ei^Cej f)ci G CL^(T©T*), it is snfficient to show the lemma in the case a = F1F2 
for Fi G T © T*(i = 1 , 2 ). The bracket F1F2] is given by 


[£ e , -^ 1 -^ 2 ] =CeEiE 2 — E1E2CE 

= [h^E: + EiCeE 2 — E1E2CE 

= [Ce, Ei]E2 + Ei[Ce, F 2 ]. 


Hence it follows from le mm a 2-1 that [£^,-^"1-^2] £ CL^. The bracket [EiCe2t F1E2] 
is given by 


[EiCe 2 i F1E2] =EiCe 2 FiE 2 — E1E2E1CE2 

=Ei[Ce2i F 1 E 2 ] + E 1 E 1 E 2 CE 2 — F 1 E 2 E 1 CE 21 
= [Ei, EiE2]Ce2 + Fi[Ce2i F 1 F 2 ]. 
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Since [Ei, F 1 F 2 ] = 2{EiFi)F2 - 2{Ei,F2)Fi e CL^ = (T©T*), it follows that the 
bracket [EiCe 2 t Fi^i] is a Clifford-Lie operator of order 3. Then the resnlt follows 
from the eqnation: 

[L, F1F2] dijEjCEj ,FiF 2 ] 

ij 

= ^ [^i^Ej 1 F1F2] . 


Lemma 2-4. The commutator [d,a] is a Clifford-Lie operator of order 3. 

proof. Since d is a Clifford-Lie operator of order 3, the resnlt follows from lemma 2-3. 
We think a following direct proof is more readable, [d, fa] = dfa—fad = {df)a-\-f[d, a] 
for a fnnction /. Hence it is snfhcient to show the lemma in the case a = E 1 E 2 , where 
Ei E T (B T* {i = 1,2). Then the bracket [d, a] is written as 

\d, a] =dE\E 2 — E\E 2 d 

=EeiE2 — EidE2 — EiE2d 
=CeiE2 — EiCe2 
=E2Cei — EiCe2 + ^ 2 ]- 

Hence the resnlt follows from -E' 2 ] ^ CL^ C CL^. □ 

Proposition 2-5. Let ai,a 2 ECLf{T ©T*). Then [[d, ai],a 2 ] is a Clifford-Lie oper¬ 
ator of order 3. Further we denote by AdaL the commutator [L, a]. Then the compo¬ 
sition Adax (■ ■ ■ Ada^d) ■ ■ ■) is a Clifford-Lie operator of order 3 for ai, • ■ ■ , G 
CL2. 

proof. It follows form Lemma 2-3 and 4. □ 

Remark 2-6. In the case of ai, 02 EEnd{TX), the bracket [[d, ai],a 2 ] is given in 
terms of the Nijenhuis tensor of ai and 02 . In the case ai,a 2 G /\^T, the bracket 
[[d, ai],a 2 ] is the Schouten bracket. In general the bracket [[d, ai],a 2 ] is not a tensor 
but a differential operator. 

Let a be a section of CL^ and L an operator acting on S{X). We snccessively 
dehne an operator (Ad[j)L acting on S{X) by 

iAdayL=[{Aday-^L,a]. 

We also dehne a formal power series (exp(Ada)) L by 
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Lemma 2-7. The power series (exp(Ada)) L is given by 

(exp(Ada))L = e-“ oLoe“. 


proof. It follows from definition of (Ada)^L that 


^ (_T']rnU 

(AdaVL = V ^ \ a^La^-^. 

^ m\{l — m)l 

m=0 ' ' 


Then by a combinatorial calcnlation we have 


Then we have 

L e“ —e^{L + (Ada)T + —(Ada)^T + —(Ada)'^(i + ■ ■ ■) 
-e“(exp(AdjL). 

Hence the resnlt follows. □ 

Proposition 2-8. If L is a Clifford-Lie operator of order 3 and a G CLf, then 
e““ o L o e“ = (exp(Ada)T) is also a Clifford-Lie operator of order 3. In particular 
(exp(Ada)(i) is a Clifford-Lie operator of order 3. 

proof. The resnlt follows from lemmas 2-5 and 2-7. □ 


§3. Deformations of generalized geometric structures 

§3-1. Let H be an n dimensional real vector field and V* the dnal space of V. As in 
section 1 the space of the skew-symmetric tensors S:=A*H* is regarded as the spin 
representation of CL(= CL{V © V*)), which restricted to give the representation of 
Cpin(= Cpin(I/ © H*)). We consider the direct snm of the spin representations of 
Cpin(H© W) : 

Ztimes 

©^*5 (AW* ©•"•© A*W). 

Let = {fi, • ■ ■ , fi) be an element of the direct snm Q)^S. Then we have the orbit 
B{V) of CPin(H © P*) throngh : 

B{V) :={g.^v\9^ Cpin(l/ © V*) }. 
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From now on we fix the orbit B{V). In this paper we think that the orbit of Cpin(I/© 
V*) gives rise to a generalized geometric strnctnre on the vector space. Let GLo(I^) be 
the connected component of GL(I/) with the identity and AiV) the orbit of GLo(G) 
throngh As in the section 1, we have the map p: GLo(G) —> Spino C Gpin. It 
follows from lemma 1-2-1 that for $ G ©^A we have, 

(pig)) ■ $ = (det^)5pGL*(u)(^“^)$, for g G GLo(G). 

Since {det g)~^p{g) G Gpin, we have 

{{detg)-^p{g)) ■ $ = Pgl*(u)(^“^)$- 

It implies that the GLo(G)—orbit A{V) is embedded into the GPin(I/ © G*)—orbit 
B{V) : 

(3-1-1) A{V)^B{V). 

The inclnsion (3-1-1) shows that the gronp Gpin is snitable for onr constrnction. Let 
X be an oriented and compact real manifold of dim n. As in section 2 we have the 
Glihord bnndle GL(X) and the conformal pin bnndle Gpin(X) over X. When we take 
an identification between V and T^X for each x & X, we have the orbit B{TxX) of 
GPin(T 2 ;W ®T*X). It follows from (3-1-1) that the orbit BiT^X) is independent of a 
choice of an identification and thns B{TxX) is canonically defined as the snbmanifold 
of the direct snm of forms ©^ A* T*X. Hence we have the fibre bnndle B{X) X: 

B{X) := IJ BiT^X) ^ X 

xex 

Let H be the isotropy gronp of the action of GPin(l/ © G*) at 

H :={ge Gpin(l/ © W) | ^ . $ = $ 

Then the fibre bnndle B{X) is the fibre bnndle with fibre Gpin(l/ ®V*)/H and B{X) 
is embedded into the direct snm of diherential forms ©^ A* T*X. We denote by 
SB{X)the set of G“-sections of the fibre bnndle B{X): 

Sb{X) :=C^{X,B{X)). 

Each section $ G Sb{X) consists of diherential forms on which the exterior derivative 
d acts. Let 9 JIb(W) be the set of d-closed section of Tb(W): 


MBiX ) := { $ G Tb(W) I = 0 }. 
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Definition 3-1. A generalized geometric structure on X associated with the orbit 
B{y) is a d-closed section $ G 971b(X). For simplicity, we call a d-closed section $ 
a B{y)-structure on X. 

The diffeomorphism Diff(X) naturally acts on by the pull back. We denote 

by Diffo(W) the identity component of Diff(W). Since the exponential is a section 
of the bundle Spino(W) for a 1-form 7 , we have the action of on i3(l/)-structures 

m{x), 

$ ^ A (7 e T*X). 

Let Diffo(W) be the group generated by the composition of the action of Diffo(W) and 
d-exact 2 -forms: 

Diff;;(W) := { A r I 7 e T*, / e Diffo(W) }. 

Here the group Diffo(W) is regarded as a subgroup of the automorphisms of the bundle 
Spino(W) : 

Spino(W) -> Spino(W) 


W -^ X. 

Hence the group Diffo(W) is an extension of Diffo(W) by d-exact 2-forms d (A^T*): 

0 ^d{A^T*) -^Diffo(W) -^Diffo(W) -^0. 

Definition 3-2. A moduli space of BiV)-structures on X is the quotient 

space ofTlsiX) divided by the action of DiSq^X): 

meiX) :=^B(X)/Diffo(W). 

§3-2. Let B{V) be the fixed orbit of CPin(l/ © H*) as in section 3-1 and $ a B{V)- 
structure on a manifold X. In order to consider deformations of $, we introduce a 
deformation complex of the i3(H)-structure $. As in section 2 there is the natural 
filtration of the even Clifford bundle CL®''®" and the one of the odd Clifford bundle 
CL®'^'^) : 

CL^ C CL 2 c CL^ C ■ ■ ■ , 

CL^ C CL^ c CL^ C ■ ■ ■ . 


Then by using the action of CL^ on $, we obtain a vector bundle over X: 

E’^-\X) := CL’^ ■ $, 
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and the corresponding filtrations of vector b un dles: 

E“^(X) C E^(X) C E2(X) C ■ • ■ , 

E®(X) C E2(X) C E^{X) C ■ ■ • . 

(Note that we shift the degree of the hltration of vector bnndles.) The vector bnndle 
E“^(X) is the line bnndle generated by The vector bnndle E^(X) is generated by 
E ■ (/) for all E G T © T* over C°°(X) and E^(X) is generated by Ei ■ E 2 ■ $ for all 
El, E 2 G T © T*. Each E^(X) is embedded into the direct snm of differential forms 
on which the exterior derivative d acts. 

Proposition 3-3. There is a differential complex ifBi= for each $ G dJisiX), 

-n / do T7'l/x^\ ^1, T7'2/^X^\ ^2, 


0 -^E-I(X) 


E0(X) dtx Ei(X) dlE W{X) 


where dk is given by the restriction (i|Efe(x)- The cohomology groups of the complex 
ffs is denoted by 


HHifs) := T 


ker4: r(E^(X)) ^ r(E^+i(X)) 
im 4 -i: r(Efc-i(x)) ^ r(E^(x))- 

Then the first cohomology group is regarded as the infinitesimal tangent space 

of the deformations of the BiV)-structure $. 

proof. A section of E“^(X) is written as /$ for a f un ction /. Hence (i(/$) = d/ A $ 
and we see that the image (i(E“^(X)) is inclnded into E°(X). We denote by Ee 
the anti-commntator dF ©Ed acting on forms where E G T © T*. When we write 
F = v + r]forvET and rj E T*, then Cp is given by 

Cp = Tv + {drj)A, 

where E„ denotes the Lie derivative. Then we have 

Ee(/$) =£.(/$) ©(dry) a (/$) 

=(£„/)$©/£„$©/(dry) A 

where Cyf G C°°{X). Since GLo(TW) is the snbbnndle of Cpin(W), diffeomorphisms 
of X acts on Sb{X). Hence we have 

G T$Tb(W). 

The conformal Spino bnndle Cpino(W) is given by 

Cpino(A:) = {e“|aGCL2}. 
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Since the tangent space is generated by the action of Cpino(T © T*), we 

have 

T^Sb{X) ^ CL^ . $ = E^(X). 

Hence we have 

e Ei(X). 

Then it follows that £i?(E“^(X)) C E^(X). We also have 

d{F ■ $) = Cf^ - Fd^ = Cf^. 

Hence we have (i(E°(W)) C E^(W). For Fi, F2 G T © T* we have 


Ffi (F2 ■ $) = [Cfi , ^2]$ + F2 ■ Cfi $• 


It follows from lemma 2-1 that [£i7’j,F2] G T © T*. Hence from G E^(W) we 

have £i?(E°(W)) C E^(W). We will show that (iE^(W) C E^+^(W) by indnction on k. 
We assnme that dE^- 2 (W) C E^-i(W) and CFi'E'^~^iX)) C E^(W) for some k > 1 
and for all F G T © T*. Then for Fi, F2 G T © T* and s G E^“^(W) we have 


d{Fi ■ F2 ■ s) =Cfi (F2 ■ s) - Fi ■ dF2 ■ s 
= , F2] ■ s + F2 ■ Cf^s 

— Fi ■ Fi?2 'S T Fi ■ F2 ■ ds. 

It follows from onr assnmption {ds G E^“^(W) and Cfs G E^(W)) that d{Fi ■F2 -s) G 
E'=+i(X) since [Ffi,F 2] ■ s G E'=-i(W) C E’^+^X). Hence d{E’^{X)) C E'=+i(W). 
For F3 G T © T* we also have 


Cfz{Fi ■ F2 ■ s) =[£i?3, F2] ■ Fi ■ s + F2 ■ F_f3(Fi ■ s), 
= [£i?3, F2] ■ Fi ■ s + F2 ■ [Ffs, Fi] ■ s 

+ F2 ■ Fi ■ CF3S. 


Hence it follows from onr assnmption Cfs G E^(W) that CF^iFi ■ F2 ■ s) G E^+^(W). 
Hence Cf{E^{X)) C E^~^‘^{X). We already show that onr assnmption in cases of 
k = 1 , 2 . Therefore we have dE^{X) C E^+^(W) for all k by indnction. The tangent 
space of the orbit of Diffo(W) is given by the Lie derivative and dy A $ for n G T 
and 7 G T*. Hence it follows that the image (i(F(F^(W)) is the tangent space of 
Diffo(W). As we see, the tangent space of Sb{X) is global sections of E^(W). Hence 
the inhnitesimal tangent space of deformations of $ is given by the hrst cohomology 
gronp □ 
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The direct sum A* T*) is invariant under the action of the exterior 

derivative d which is the direct sum of the full de Rham complex. For simplicity we 
call Q)^S the de Rham complex. Then the complex is the subcomplex of the de 
Rham complex: 

0 E-i(X) ^ E0(X) ^ Ei(X) ^ 

^ ©'a*T* ^ ©'a*T* ^ ©^A*T* ^ 

We denote by H'^^{X){— ©^ ©pl^^ Hp{X, M)) the cohomology group of the de Rham 
complex. Then we have the map : 

Since the action of Diffo(W) on 9Jtg(W) preserves a de Rham cohomology class [$] of 
i3(R)-structure $, we have the map Pg: 

Ps-.ms{X)^Hl^{X). 

The map Pg is called the period map. 

Definition 3-4. An orbit B{V) is completely elliptic if the differential complex ffs 
is a elliptic complex. In particular, an orbit B{V) is elliptic if the complex is elliptic 
at degrees k = 1,2. 

Definition 3-5. Let B{V) be an orbit of Cpm{V ®V*) as in before. We say aBiV)- 
structure ^ on X is topological if the map p^: H^j^iX) is injective for 

k = 1,2. An orbit BfV) is topological if each B{V)-structure $ is topological on every 
compact and oriented n-manifold. 

The complex T^g is elliptic if the corresponding symbol complex is exact. Hence the 
elliptic condition only depends on a choice of an orbit B{V). However the topological 
condition is depending on a choice of a P(R)-structure $ on X. 

Definition 3-6. A B{V) structure ^ on X is unobstructed if for each representative 
element a of the infinitesimal tangent space H^(^g), there exists one parameter family 
of deformations G 91lg(W) with $o = $ such that 

d I 

— i=o = a. 
dt 

If $ is unobstructed, each inhnitesimal tangent generates an actual deformations 
and the space of deformations of $ is locally given by an open set of {ffs)- From the 
view point as in [Go] , we have the following criterion for unobstructed deformations 
of P(R)-structures and the Torelli-type theorem : 
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Theorem 3-7. Let B{V) be an elliptic orbit and $ a B{V)- structure on a compact 
and oriented n-manifold X. If ^ is topological, then deformations 0 /$ are unob¬ 
structed and the deformations of $ is locally embedded into the de Rham cohomology 
group In particular, if an orbit B{V) is elliptic and topological, the period 

map Pb of the moduli space TIb{X) of B{V) structures on X is locally injective. 

Our proof of theorem 3-7 is shown by the following theorems 3-8 and 3-9. 

Theorem 3-8. LetB{V) be an elliptic orbit of C-pmfVQV*) and $ a B{V)-structures 
on a compact, oriented manifold X. If the map p^ for $ is injective, then there exists 
a neighborhood U of ^ in the moduli space dJlsiX) such that the restriction of the 
period map Pb\u'- U is injective. 

(Note that Proposition is regarded as a generalization of the Moser’s stability 
theorem for symplectic structures an volume forms.) 

Theorem 3-9. Let B{V) be an elliptic orbit of Cpm{V ©"P*) and $ a B{V)-structure 
on a compact, oriented manifold X. If Pb for $ is injective then deformations 0 /$ 
are unobstructed. 

Our proof of theorem 3-9 is shown in next section 3-3. In order to obtain theorem 
3-8, we will show the following lemma 

Lemma 3-10. Let be a sequence of BiV) -structures which converges to a 

B(y) structure so that is. 


lim $ e 9 JIb(X). 

n —^00 

We denote by E^(X) the vector bundle which defined by E^(X) = and 

ifB,n by the deformation complex {E* } with cohomology groups H^{jfB,n)- If the map 
Pb .^ : II^{j^B,n) —^ is not injective for all n, then the map p^ with respect to 

$ is also not injective. 

Lemma 3-10 shows that the injectivity of the map pg is an open condition, so that 
is, if Pq is injective for $ G 9IIb(X), then there exists an neighborhood U such that 
Pq is also injective for all \1/ G 17. 

proof of lemma 3-10. We take a Riemannian metric on the manifold X. Then we have 
the Laplacian /\B,n = d\di + defined by the complex {E* } acting on sections 
of E)j(W). We denote by the kernel of the Laplacian /\B,n- Since the 

complex ifB,n is elliptic, the cohomology group H^{ffB,n) is isomorphic to M^{jfB,n)- 
We also have the ordinary Laplacian A which acts on (sfS and we denote by LI the 
L^-projection to the A-Harmonic forms. If pg ^ is not injective, we have G CW 
such that On ■ is a non-zero element of M.^{j^B,n) with n(an ■ $n) = 0. For each 
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we can take a section of the fibre bnndle CSpino(X) with ^ and 

( 7 n —> 1 as n — cx). By the left mnltiplication Lg^ of g^ we identify E^(X) with 
Ei(X) = CL 2 (X) ■ 

L,„:Ei(X)-.Ei(X), 

Hn ■ ^ ^ 9n ' ■ $. 

Then the elliptic operator on E^(X) is indnced by 

^B,n = Lg^/\]S,nLg^ . 

We pnt bn = Adg^ttn- Then we have 

A^B,nbn ■ ^ ~ Lg/\Q^n{cin ' ^n) ~ 0. 

We take snch that the Sobolev norm of 6 n ■ $ is normalized, 

IK-Hli = 1 - 

Then from Rellich lemma there exists a snbseqnence {bm ■ $}m which converges to 
6 ■ $ G E^(W) with respect to the norm Since /\s,mbm ■ $ = 0, we have an 
estimate, 

ll^m ■ ^||l| — ■ $||gl ^ ^2116771 ■ 

where Ci 0 does not depend on m for t = 1, 2. Hence we have the bonnd, 

0^A3<||6-$L|. 

The family of elliptic operator {Ais^rn}m also converges to the operator Ag as m —> cx). 
Hence we have 

Ag(6 ■ $) = 0. 

Since ( 7,77 —l(m — cx), the seqnence {a 7,7 ■ $ 777 } = {( 7 “^ ■ bm ■ ^}m converges to 6 ■ $ 
(n — cx). Hence it follows from n(a 7,7 ■ $ 777 ) = 0, 

n(6- $) = 0 . 

Hence 6 ■ $ 7 ^ 0 is an element of kerpg and we have the resnlt. □ 

proof of theorem 3-8. Let f7 be a neighborhood of $ snch that pg is injective for 
every T G C/. Let {$t}, 0 < t < 1 be a smooth family of i3(H)-strnctnres in the 
neighborhood U. We assnme that the d-closed form belongs to the same de Rham 
cohomology class as $0 for all t, so that is, there exists At snch that 

(3-2-1) - $0 = dAt. 

Since the gronp Diffo(W) is generated by the action of Diffo(W) and the action of 
d-exact 6 -helds, theorem is rednced to the followings : 
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Proposition 3-11. If the map is injective for all then there exist a smooth 
family of differmorphisms {ft} and a smooth family of d-exact 2-forms {d'jt} such 
that 

(3-2-2) A = $ 0 , for all t G [0,1], 

proof of proposition 3-11. By differentiating the eqnation (3-2-2), we have 

(3-2-3) 1 (e"7. = 0, Vte[0,l], 

which is eqnivalent to 

(3-2-4) A d^t A ff^t + A ff^t + A ff^t = 0. 

By the left action of we have 

(3-2-5) {fr^nd^t A /;$t) + (/r')v;$t + 4 = o. 

We set (/t~^)*7t = At- Since (ff^)*ft is given as the Lie derivative Cy^^t for a 
vector held Vt, it follows from (3-2-1) that 

(3-2-5) (djt) A -|- Cy^^t -\- dAt = 0. 

Since is d-closed, we have 

(3-2-6) Cy^^ = diy^^f 

We snbstitnte (3-2-6) in (3-2-5) and we have 

(3-2-7) {{d^t) A^t + diy.^t) = d {^t + vt) ■ = -dAt, 

where {vt + ^) G T©T* acts on $ by the Clifford mnltiplication. We denote by E^(W) 
the vector bnndle CL^+^ ■ and ifB,t the complex {Ej(W)} We denote by E^(W) 
the vector bnndle CL^+^ ■ and by ffB,t the complex (E^(W), d). Then (fjt -t-ft) ■ $ 
is a section of E^ (W) and —= —dAt is a section of Ej (W). Hence —dAt yields the 
class —[dAt] G H^{ffB,t) of the deformation complex ffB,t '■ 

Then we see that the class [—dAt] G H^{ffB,t) vanishes since the class —[dAt] is 
represented by the d-exact form and the map pg ^ is injective. If we take a metric on 
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the manifold X, we have the adjoint operator and the Green operator Gt of the 
complex We dehne a section Bt of E°(X) by 

(3-2-8) Bt = -d*GtdAt. 

Then from the Hodge theory of the elliptic complex, we have 

(3-2-9) dBt = -dAt. 

Since Bt is written as Et ■ $ for Et & T (BT* , we set Vt +^t = Et such that a smooth 
family {vt + 7t} satishes the equation (3-2-7). By solving the equation (/G )* ft = 
we have the smooth family {ft} with /o =id. Hence we have {ft} and {dyt} 
which satisfy the equation (3-2-2) □ 

§3-3 Construction of deformations. This subsection is devoted to proof of theo¬ 
rem 3-9. 

proof of theorem 3-9. Let X be an n-dimensional, compact and oriented manifold with 
a i3(H)-structure $. We take a Riemannian metric on X. (Note that this metric is 
independent to the structure $.) The conformal pin bundle Cpin(X) = Cpin(T©T*) 
acts on the hbre bundle B{X) transitively. Hence every global section Sb{X) is written 
as (7 ■ $ for a section g of Cpin(T © T*). The identity component CSpino(T © T*) of 
Cpin(T © T*) is given by 

(3-3-1) CSpino(T © T*) = { e“ | a e CL2(T © T*) } . 

Hence every deformation of $ in Sb{X) is given by e“-$ for a section a of CL^(T©T*). 
In order to obtain a deformation of $ in 91le(W), we introduce a formal power series 
in t : 

(3-3-2) a(t) = ait + ‘ ‘? 

each at is a section of CL^(T © T*). We dehne a formal power series g{t) by 
(3-3-3) g{t) = exp(a(t)) G CSpino(T © T*)[[t]]. 

The group CSpino(T © T*) acts on differential forms and we have 

e“(*) ■ $ =$ + a(t) ■ $ + ^a(t) ■ a(t) ■ $ H-, 

= $ + (ai ■ $)t + — ((<2-2 + <2l ■ <2l) ■ $) + ■ ■ ■ . 


(3-3-4) 
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The equation that we want to solve is, 

(eq*) ■ $ = 0. 

At hrst we take ai such that dai ■ $ = 0 as an initial condition. It follows from lemma 
2-7 that we have 

(3-3-5) ■ d ■ = ((exp(Ad„(t))<i) , 

where (exp(Ad(j(t))) is the operator acting on differential forms which dehned by the 
power series in t : 


((exp(Ad„(i))d) =d+ — 

■ k=i 

=d + [d, a{t)] + ^[[d, a(t)], a(t)] + ■ ■ ■ , 

=d -\- [d, ai\t + ^ *^ 2 ] T [M? ®i]) + • ■ • , 

where Ad'^^^^d = [Ad^^^^d, a{t)]. Hence the (eq*) is equivalent to the equation 
(eqj ((exp(Ad„p))d) $ = 0 , 

Then it follows from proposition 2-5 that ((exp(Ada(t))d) is a Clifford-Lie operator 
of order 3 and we have 

(3-3-6) ((exp(Ad„p))d) $ G E^{X). 

From (3-3-5), we have 

(3-3-7) ■ ((exp(Ad„p))d) $. 

We denote by (P(t))[i] the tth homogeneous part of a power series P{t) in t. Then 
from (3-3-7), we have 

(3-3-8) (de“(*) ■ $)[fc] = (e“^*^)[i] ((exp(Ad„p))d) $ 

k=i+j, 

i,j>0 


Since dai ■ $ = 0, we have 

(3-3-9) ((exp(Adap))d)jQj ■ $ = ( (exp(Adap))d) ■ $ = 0. 
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Thus it suffices to determine satisfying (eq^) by induction k. We assume that 
ai, ■ ■ ■ , afc-i have been determined so that 

(3-3-10) ((exp(Ad„(t))d)j^j $ = 0, (/= 0,1, ■'' , ^ 

Then it follows from (3-3-8) that 

(3-3-11) ■ $)[fc] = ((exp(Ad„q))d)j^j $ 

Then form (3-3-6) we see that 

(3-3-12) (de“(*) ■ $)[fc] G E2(A:). 

The /cth part ■ $)[A;] is written as 

(3-3-13) (de“(*) ■ $)[fc] = ^dak ■ $ + Ob^, 

where ObA;(= Obfc(ai, • ■ ■ , ak-i)) is the non-linear term depending only on ai, ■ • ■ , ak-i- 
Since dak ■ ^ ^ (iE^(W) C E^(W), it follows from (3-3-12) that 

(3-3-14) Obfc G E2(A:). 

Since Obfc is d-exact, we have the cohomology class [Obfc] G id^(^e). Then we have 

Lemma 3-12. There exists a section ak satisfying ((ie“*^*i ■ fi’)[fc] = 0 if and only if 
the class [Obfc] G id^(^e) vanishes. . 

proof. The equation ■ fi’)[fc] = 0 is written as 

(3-3-15) ^Ufc ■ $ = -Obfc, 

k\ 

where Obfc only depends on ai, ■ ■ ■ , afc_i. The L.H.S of (3-3-15) is an element of the 
image (iE^(W) in the complex : 

^ ) E^ ) E^ ) 

The R.H.S. of (3-3-15) is an d 2 -closed element of E^ which yields the class [Obfc] G 
If we have ak satisfying the equation (3-3-15), then the class [Obfc] vanishes. 
The complex is an elliptic complex and we have the Green operator of the 
complex ^g. If the class [Obfc] vanishes, we can obtain ak by using the Green operator 


^afc-$ = -d*G#g(Obfc)GEi. 
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Then ak satisfies the equation (3-3-15). 

We call [Obfc] the k-th obstruction class. (Note that [Obfc] can be defined if 
the lower obstruction classes vanish.) Since Obfc is d-exact, we have that the class 
[Obfc] G id^(^e) is in the kernel of the map p^. Hence if the map p^: id^(^e) — 
is injective then [Obfc] vanishes. Hence from 3-3-11, we have Ufc satisfying 
((exp(Adap))(i)j^j = 0. By induction, we have a formal power series a{t) which is 
a solution of the equation eq^. The rest is to show the convergence of the power 
series a{t). The convergence can be shown essentially by the same method as in [Go]. 
We also have the smoothness of solutions by the standard elliptic regularity method. 
Hence the result follows. □ 

§4. Generalized Calabi-Yau (metrical) structures 

§4-1 Generalized SL„(C) structures. Let V be the real vector space of dim 2n 
and J{V) the set of complex structures on V. We denote by f\jV^ the space of 
complex forms of type (n, 0) with respect to J G JiV). Let ip(G) be the set of pairs 
consisting of complex structures J and a non-zero complex form of type (n, 0): 

<P(V") := { I J e J(V), 0 / e Al’Vc* }. 

Then we have the projection to the second component 

Definition 4-1-1. A complex n-form Qy on V is an SL,^(C) structure if Vty is in 
the image o/7r2(^(H)). The set o/SL„(C) structures on V is denoted by A,sl(G). 

Hence each SLti(C) structure Qy is a complex form of type (n, 0) with respect to 
a complex structure J G JiV). Gonversely for each SL„(C) structure Vty we define 
a complex subspace ker Vty by 

ker Vty := {n G Vc I iv^v = 0 }. 

Then the complexified vector space Vc is decomposed into ker Vty and the conjugate 
space ker Vty : 

(4-1-1) Vc = ker Vty © ker Vty . 

Hence we define a complex structure J on G by using decomposition (4-1-1) such that 
Tly is the complex form of type (n, 0) with respect to J. Then we have the map from 
the set of SLti(C) structures to the set of complex structures : 


^sl(G) ^ J(G). 
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By taking a suitable basis {6*^, ■ ■ ■ , 6'^} of ker Oy, we can write Vty = 0^ /\ ■ ■ ■ /\ 9'^. 
Then it follows that the real linear group GL(1/) acts on v4.sl(G) transitively with 
isotropy group SLti(C) and ^sl(G) is the orbit which is described as the homogeneous 
space: 

^sl(G) = GL(1/)/SL^(C). 

The real conformal pin group Gpin(G © V*) acts on A*G* © C. When we consider 
complex forms as pairs of real forms, we can apply the construction in section 3. 

Definition 4-1-2. Let Bsi^iV) he the orbit of Gpin including SLnifC) structures 
‘^sl(G). An element (pv of is a generalized SLn{C) structure on V and 

we call Bsi^{V) the orbit of generalized S'T^(C) structures. 

Let W be a compact and oriented real manifold of dim 2n. Then by applying the 
construction as in section 3, we dehne i3sL(G)-structures on X which are generalized 
geometric structures corresponding to the orbit Bsi^iV). Assume that there exists a 
'Bsl(G)- structure (f on X. Then we have the sequence of vector bundles {Eql} over 
X and the complex ffss-L • 

(#83,) 0 ^ Esl* -* EIl ^ EIl ^ , 

Let L(j) be the vector bundle over X which is dehned by 

L^ = [E eT ®T* \ E-(/) = 0}. 

Then we have a decomposition : 

(4-1-2) (T © T*) © C = 

where Lfj, is the conjugate bundle of L^f,. We denote by the t-th wedge product 
of which acts on cf) by the Glifford multiplication. Then we dehne a vector bundle 
Ui by _ 

:= . # 

for i = 0, ■ ■ ■ 2n. The bundle Uff^ is the line bundle generated by (f. The vector 
bundle Eql is described in terms of U^. 

Lemma 4-1-3. We have the following identification as real vector bundle : 

E', -e 

eIl = 
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In general we have 


E 

E 


2fc-l 

SL 

‘2k 

SL = 


rsj rr —n+2i 

rr —n+2i+l 


proof. We consider the complex form cf = as the pair of real forms 

Then applying the constrnction in section 3, we have the vector bnndles 
EgL which generated by 

EgL = span{ (a ■ a ■ 4>^) \ a G CL^ }. 

Then we have the complex form a ■ + y/^Ta ■ (fP — a - (f). From the decomposition 

(4-1-2), we have the identihcation : 

® C = © I^) = ©io © I^). 


Since L 


4> 


{0}, We have an identihcation : 


-^2k — l ^j^2k 

SL 


sfc 

h=o 

sfc 

h=o 


■ (f) 

JJ — 71 + 2/ 


Similarly we have E|^ ^ . □ 

Propositon 4-1-4. The complex ffss-L elliptic, so that is, the orbit i3sL is an 
elliptic orbit. 


proof. Since there is the inclnsion CL^ ^ 
with the qnotient 


E^l/E 


fc -2 

SL 


C CL^ , we have the inclnsion Eg^^ 

~ TT—n+k+l 
- 


C E 


fc 

SL 


for fc > 0. Replacing E ^ by E ^ © C, we have a complex ^g^ Hence there is a map 
of the complex #Ssl by shifting its degree from * to * + 2 : 




[ 2 ] 


SL 




SL • 


Hence we have the following commntative diagram : 

0 0 EgL © C ^ 


fpO 

^SL 


Ek 


EgL © C 


fpO 

^SL 


Ek 


E 2 

SL 


Tp3 

^SL 


Tj — n d d d d 

(f) <f) (p 0 0 


0 
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It follows from ■ cf) that the quotient complex d) is an elliptic 

complex. Hence the from the commutative diagram we see that the complex 
elliptic by induction on degree k. □ 

The complex (17^, d) is the deformation complex of generalized complex structures 
which is introduced by [Gul]. Then the exterior derivative d acting on is decom¬ 
posed into two projections d and d, so that is, 

d = d + d, 

c'T' — u; — u;+\ 

Let $ be a i3sL(G)- structure on X. Then there is the generalized complex structure 
J'fj) corresponding to (f). We dehne an operator d'^ by 

d^ := v^{d-d). 

The dd'^-property is introduced by [Hi], [Gu2] and [Gavj: 

Definition 4-1-5. A generalized complex manifold {X, J) satisfies the dd'^ -property 
iff the following are equivalent : 

(1) a G a*T* is d-closed and d'^-exact, 

(2) a G a*T* is d-exact and d'^-closed, 

(3) a = dd^b for some b G A*T*. 

Theorem 4-1-6. If the dd'^-property holds for the corresponding a Bq\^- structure 
(f), then (f> is a topological structure, so that is, we have unobstructed deformations of 
(f) on which the local Torelli type theorem holds. 

proof. Since is the eigenspace of the action of J’p with eigenvalue \/—lp. Hence 
we have the decomposition a*T* — If an exact form da^'^^ is an element 

of for G U^, we have dda^'^^ = dda^'^^ = 0. Hence applying the dd'^- 

property we have 


da^^^ =dd^b = 2^/^ddb = 2V^ddb, 

for b G U^~^. Then we have da^'^^ = dy for 7 = 2y/^Xdb G U^~'^. From our 
decomposition, a form a is written as 




a = 
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where G for some m. If da is an element of X]p=-n then applying the dd'^- 
property snccessively, we have da = db for b G X]p=-n ^ 0 - Similarly if da G 
( resp. da G then applying the property we see that da = db for b G 

(resp. b G Hence it follows from lemma 4-1-3 that if da G EgL then da = db 

for b G EgL^ {k > 1). It implies that the map is injective 

for k >1. □ 

Gnaltieri also shows that the hh'^-property holds for generalized Kahler strnctnres 
[Gn2]. By applying his theorem, we have 

Theorem 4-1-7. Let (f) be a Bsi^iV)-structure on X with the corresponding gener¬ 
alized complex structure if there exists another generalized complex structure X 
such that the pair {X^Jcjf) defines a generalized Kahler structure on X, then Bsi^iV)- 
structure is a topological structure. 

As in the proof of proposition 4-1-4, we have the short exact seqnence : 

0 -. -► (u;,9) -• 0 . 

It follows from Eg^ = that we have the long exact seqnence : 

where HL(^U^) denotes the cohomology gronp, 

Hl(U;) = (kerS: ^ C/^"+») /a(f/^"+'). 

which is the inhnitesimal tangent space of deformations of generalized complex strnc¬ 
tnres ( see Ghapter 5 in [Gnl]). Since the complex fi^Bs-L is a snbcomplex of the 
complexihed de Rham complex we have the map p^: H^fifiBsi.) 
section 3. Then we have a diagram : 





H’4RiX) HMX). 

Hence it implies that if p^ is injective then the map H^{fi^Bsi.) is in¬ 

jective. As in proof of theorem 4-1-6, the dd'^-property implies the injectivity of the 
map Pq. Hence we have 
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Proposition 4-1-8. Let (f) be a generalized SLn{C) structure on X. If the generalized 
complex structure Jcj, satisfies the dd'^-property then we have the exact sequence : 


0 ^ ^ ^ mu;) ^ 0 . 


Hence the infinitesimal tangent HL{IJ;) gives rise to small deformations of general¬ 
ized complex structure which correspond to deformations of generalized SLn{C) 
structures. 


§4-2. Generalized Calabi-Yan (metrical) structures. Let Lly be an SLti(C)- 
structure and uy a real 2-forni on the real vector space of 2n dim. As in section 4-1, 
the SL„(C)-strnctnre Qy gives rise to the complex strnctnre J on V and we dehne a 
bilinear form g by 

g{u,v) = u{Ju,v), (UjVEV) 


Definition 4-2-1. A pair {Lly,uy) is a Calabi-Yau structure on V if the followings 
hold : 

( 1 ) 

Lly A Uy = 0, 


( 2 ) 


Q AQ = CnlW^ 


(3) The corresponding bi-linear form g is positive-definite. 

The condition (1) implies that uy is a form of type (1,1) with respect to J and 
then it follows from (3) that uy is a Hermitian form. The eqnation (2) is called 
the Monge-Ampere condition. Let AcviV) be the set of Calabi-Yan strnctnres on V 
which consist of complex n-forms and real 2-forms. Then the real linear gronp GL{V) 
acts on AcviV) transitively with the isotropy gronp SU(n). Hence Acy{V) is the 
orbit of GL(1/) which is described as a homogeneons space : 

Acy{V) = GL(l/)/SU(n). 

Let {Tty, Uy) be a Calabi-Yan strnctnre on V. Then we consider a pair {Tty, 
consisting two generalized SL^(C) strnctnres Qy and . 

Definition 4-2-2. The orbit Bcy{V) of Cpm{V (BV*) through the pair {Tly,e''U^^^) 
is called the generalized Calabi-Yau orbit. An element ((/)v ,0 7 of the orbit Bcy^V) 
is a generalized Calabi-Yau structure on V. Note that the orbit Bcy^V) is embedded 
into pairs of complex forms A* © A* . Let X be a compact real manifolds of dim 
2n. Then as in section 3, we define generalize Calabi-Yau (metrical) structures on X 
as BcY{y)-structures on X. 
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Let be a generalized Calabi-Yau structure on X. Since it consists on 

generalized SLti(C) structures, we obtain the pair (j7o, jTi) of the corresponding gen¬ 
eralized complex structures on X. Then we see that the pair (jTo, jTi) is a generalized 
Kahler structure. By applying Gualtieri’s theorem, we obtain the following theorem 
of deformations of generalized Calabi-Yau structures (which are deformations of pairs 
consisting two generalized SLn(C) structures with the conditions): 

Theorem 4-2-3. The generalized Calabi-Yau orbit is an elliptic and topological orbit. 

proof. Let {(fo, (fi) be a generalized Calabi-Yau (metrical) structure with the general¬ 
ized Kahler structure (JTq, ffi) on X. We denote by ffscY — {EIcyj deformation 

complex of generalized Calabi-Yau structure ((/)o,(/>i). Then it sufRces to show that 
each map 

is injective for /c = 1, 2. We have the eigenspace decomposition of a*T* — 
for each f = 0,1. Since [jTo, Ji] = 0, we have a further decomposition : 

\p+q\<n 
p+g=n (mod2) 



where n . 

Each Eqy consists of pairs of complex forms. Then the projection tti to the hrst 
component induces a map from the complex ffscY to #Ssl- We denote by (ker*,(i) 
the complex dehned by the kernel of tti. Then we have a short exact sequence : 


(4-2-1) 
so that is. 


0 ^{ker*,d) ^ ffs. 


E 


-1 

CY 


E 


-1 

SL 


ker^ 


TpO 

t^CY 


TpO 


CY 


ker^ 


E^y 


Ek 




SL 


ker^ 


E 2 

CY 


E 2 

SL 


0 , 


If E ■ (/>! = 0 for real E G T © T* then we see that E = 0. It implies that ker° = {0}. 
Similarly ker^ and ker^ are respectively given by 


ker^ ^ 

ker^ ^ [/I -^+1 0 JJ-l-n+l 0 -n +3 ^ ^-1 -n +3 



ON DEFORMATIONS OF GENERALIZED STRUCTURES 


31 


The complex (ker*,d) is a subcomplex and we have the map p^er • -f^^(ker*) — 
By applying the Hodge decomposition of generalized Kahler manifold in 
[Gu2], we see that is injective for each k. The short exact sequence (4-2-1) is 
a subsequence of the following short exact sequence dehne by the de Rham complex 
(dR) which yields a splitting long exact sequence, 

0 —> (dR) (dR) © (dR) —> (dR) 0. 

Hence we have the diagram of long exact sequences: 

-.//-.'(ker*) 


k 

k 

PtScY 



0 ^ H2„(X) - (S^H2„iX) - H2„iX) ^ 0 . 

where the sequence at top is the long exact sequence of (4-2-1). Since is injective, 
we see that is also injective for k. Hence the results follows. □ 

§5. Genealized hyperKahler, G2 and Spin(7) structures 

§5-1. Generalized hyperKahler structures. In this section we will introduce 
two types of generalized hyperKahler structures, so that is, type 1 and type 2. A 
genralized hyperKahler structure of type 1 is dehned by closed differential forms as 
in section 3. The one of type 2 is based on generalized complex structures satisfying 
a relations. Let K be a 4m dimensional real vector space. A hyperKahler structure 
on V with a hyperKahler structure [g, /, J, K), where /, J and K are three complex 
structure satisfying the quoternion relations, (/^ = = UK — —1) and g is 

a Hermitian metric with respect to /, J andAT. Then we have three Hermitian form 
uJi^LOj and ujk with respect to /, J and K. Gonversely such three forms 
yields the hyperKahler structure [g, /, J, K). Hence hyperKahler structures on V can 
be regarded as geometric structures dehned by three special 2-forms (see [Go]). As 
in section 4, three generalized SL„(C) structures are dehned by 

(t>K . 

Defiuitiou 5-1-1. Let B-nKiY) be the orbit 0 /Gpin through the triple 

We call i3HK(G) the orbit of generaliazed hyperKahler structures on V. A generalized 

hypKdhler structure of type 1 on a Am-fold X is a BuKiV)-structure on X. 

It is worthwhile to mention that there exist six generalized complex structures 
dehned by generalized hypKahler structures. As in section 4, generalized SL^(C) 
structures yield generalized complex structures. Hence we have three generalized 



32 


RYUSHI GOTO 


complex structures Xi, J\ and /Ci corresponding to and ujk respectively. It 

immiditately follows that three compositions JCq := XiJTi, Xq := JilCi and Jq : = 
/CiXi give generalized complex structures respectively. Hence we have six generalized 
complex structures Xq, j7o, /Co, Xi, jTi, /Ci which satisfying relations : 

(5-1-1) Xl = = Kl= loJolCo = -1, 

(5-1-2) XqXi = XiXq = iXoiXi = iXiiXo = /Cq/Ci = /Ci/Cq = —G, 

where G is a section of the bundle SO(X © T*) with = 1, which is called a 
generalized metric. The relation (5-1-1) implies that the triple (Xq, j7o,/Co) satishes 
the quaternion relations and (5-1-2) shows that we have three generalized Kahler 
structures with a same G. 


Definition 5-1-2. A generalized hyperKdhler structure of type 2 is a system consist¬ 
ing of six generalized complex structures with the relation (5-1-1, !)■ 

The algebra generated by (G, 1) with G^ = 1 is isomorphic to the direct sum M©M 
by taking a basis, 


1 

71 


(1 + G), 


1 

71 


(l-G). 


When we set 


Xl = -G © i, Ji = -G(X> j, /Cl = -G © k, 


then we see that the algebra generated by la, >Ja, !,« = 0,1 with relations 

(5-1-1,2) is isomorphic to (M © M) © HI = HI © H. In the case of generalized Kahler 
structure, we have the algebra (M © M) © C = C © C. Hence there are following 
correspondence : 


generalized 

metric 

I 

EeR 


generalized 
Kahler structure 

I 

C©C 


generalized 

hyperKahler structure 


I 


H© HI 


§5-2. Generalized G 2 strnctnres. Let O be the octernions which is regarded 
as the 8 dimensional real vector space with the metric (, ) and the non associative 
multiplication. Consider the 7 dimensional vector space W :=ImO with a volume 
form V0I7 and dehne a 3 form <1)02 ^ by 

(j)G 2 {x,y,z) {xy,z). 


A 4 form '0 on IK is dehned by the Hodge star operator ★, 




Let Bg 2 be the orbit of Cpin through the pair (V0I7 — <f>G2, 1 ~ '0G2)- Then we have 
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Definition 5-2. A generalized G 2 structure is a BG 2 -structure on a 7-fold X. 

§5-3. Generalized Spin(7) strnctnres. As in section 5-2, we consider O as the 8 
dimensional vector space V which is decomposed into V = M©ImO, where M denotes 
the real part of the octernions with a non-zero one form e^. Then the Spin(7) form 
(/'Spin (the Cayley form) is a 4-form on V defined by 


</>Spin = A +'0G2- 

Let -Bspin be the orbit of the gronp Cpin(l/ © C*) throngh 

^Spin := 1 -</>Spm Tvolg, 


where volg denotes the volnme form of = O. Then we have 


Definition 5-3. A generalized Spin(7) structure is a structure on a 8-manifold 

X. 

Let (O7, be a Calabi-Yau strnctnre on a 8-manifold X. Then the real part 

$ = yields a generalized Spin(7) strnctnre on X. Since the gronp 

Cpin is real, for a generalized Calabi-Yan strnctnre {4>q,4>i) on a 8-manifold X, the 
real part 


is a generalized Spin(7) strnctnre. 

Proposition 5-4. Let X be a compact, oriented 8-manifold with a generalized Spin(7) 
structure $. Deformations of generalized Spin(7) structures on X are unobstructed. 


Onr proof is a generalization of the proof of deformations of Spin(7) strnctnres in 
[Go]. Let CSpino(Y © Y*) be the identity component of the conformal spin gronp 
which acts on A*T*. There is the metric go on the octernions O which yields a 
generalized metric Go by 


G 


o 


f O 

\9o 0 


where g* is the dnal metric on the dnal space O*. Then we have 


Lemma 5-5. Let H be the isotropy group which is defined by 


H:={ge CSpino(Y © Y*) 117' $Spio = $Spio }■ 

Then the identity component Hq of H preserves the generalized metric Gq- 

proof. Every g G CSpino(Y © Y*) is written a,s g — e^' for a G CL^. Then CL^ is 
decomposed into 


CL^ = M © End(Y) © aV* © A V. 
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Then a is written a,sa = X + A + b + (3forA eEnd(y), jS G jS G . If 

« ■ $Spin = 0fora = A + A + /? + 6, then we see that 

(5-3-1) (A + A) ■ $spin = 0, 

(5-3-2) (6 + /3).$Spj^ = 0 

From (5-3-1), we have 

(3-5-3) A = 0 and A G spin(7). 


The space of 2-forms and the space of 2-vectors are respectively decomposed into 
representation spaces of Spin(7), 

(5-3-4) F* = A^F* © 

(5-3-5) A^ 1/= A^F© A^iF, 


where = A 21 V is isomorphic to the Lie algebra spin(7) and Ay denotes the 

irredncible 7 dimensional representation space. Let p* be the dnal 2-vector of p G 
AyF* and q* the dnal 2-vector of g G A|yF*. Then we have 


(5-3-6) 


" p A $spin = P - 3*p, ' 
P* ■ $Spin = 3p - ★p, 
q A $spin = ? + *<?, 

, q* -^Spin = -{q + M),, 


where ★ denotes the Hodge star operator with respect to the metric Qq. From (5-3-6) 
if {h + (3)- $spin = 0, then 

(5-3-7) h + j3 — q + q*, (for g G A 21 = spin(7)) . 

From (5-3-3,7) the Lie algebra of the isotropy gronp H is given by the direct snm 
spin(7)©spin(7). Hence the identity component Hq is the prodnct Spin(7)xSpin(7) 
which preserves the generalized metric Go- D 

Let CSpino(X) be the hbre bnndle over a compact, oriented manifold X with hbre 
CSpinp. It snfhces to consider that a generalized Spin(7) strnctnre $ is a closed 
section of the hbre bnndle CSpino(X). For each x & X, we take an identihcation 
h : <0 = TxX which gives the identihcation h: TxX ®T*X = O © O*. Then there is 
a e“ G CSpino(F © V*) snch that 


$Spin = e“ ■G A*OT 
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We denote by Adg^ the adjoint of e“. Then the composition h o Adga gives the 
identihcation O © O* = TxX ®T*X which dehnes a generalized metric by 

G(^^ := /i* o (Ade“)*Go- 

When we take an other identihcation h': O = T^X preserving the orientation and an 
element e“ G CSpino(l^ © V*) with 

$Spin = e“-/i*$ = e“'-(/iT$, 

we have /i“^e“$spin = $Spin- We can take e“ h'h~^e~°' is an element of 

identity component. It follows from lemma 5-5 that 

e“ h'h~^e~°' e Hq = Spin(7) x Spin(7). 


Hence 


Thns we have 


G^^ :— hif o (Adgaj^Go — hT o (Adgo')*G^o- 


Lemma 5-6. Let ^ he a generalized Spin(7) structure on X. Then there is a gener¬ 
alized metric G<^ on X which is canonically defined by $. 

A generalized metric G^ yields an operator * acting on differential forms with 
G = 1 and a generalized metric also yields a metric (, ) on forms and we have 
the adjoint operator d* which is given by d* = *d*. By nsing adjoint operator we 
have the Laplacian A<j, by A.j, = dd* + d*d. (see [Gn2] for detail). 

Lemma 5-7. Let he anti-self dual forms of even type with respect to the operator 
so that is, 

A!y“ = { s e I * s = -s }. 

Then the bundle A^y®" is the subbundle of the vector bundle Egp;j^(W) = CL^ ■ $ 

proof. At hrst we will show the lemma for the form $spin = 1 ~ '/'Spin + volg on the 
octernions O = H. The action of g GL(I/) on forms is given by 

{detg)^Pg-i, 

where p denotes the linear representation of GL(1/). Hence for A G M, A1 G GL(G) 
acts on $spin by 

A^ + $Spin + A ^volg. 

By differentiating to A we have that 


(5-3-8) 


— 1 + Volg G GL^ ■ $Spin- 
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Note that the the Hodge star ★ is 

. X r + * a, 

(5-3-9) i<a= { 

I - 


given by the * operator, 

a e A® -F -H A®, 

a e A^ -H A^ -I- A® -I- A*". 


From (5-3-6), we see that 

( 5 - 3 - 10 ) Ay © Ay © (A2 j^ © A2]^)_ C CL^ ■ $Spirn 


where (A21 © A21)- = { Q + *<? | <? G A21 }. From (5-3-9) we have -kq = — * q for 
q G /\^V*. Hence q + kq = q — *q \s the anti-self dnal form with respect to *. We also 
have 

gl{8)/spin{7) = so{8)/spin{7) © {A1 |A G M} © Symo{8), 

where Symo(8) denoted the trace-free symmetric matrix which yields anti-self-dnal 
4-forms, so that is. 


(5-3-11) 


Ai = { /9a$ I a G Symo{8) }, 


where p denotes the differential representation of End(H). Hence Ai G CL2 . $Spin. 
The anti-self -dnal form of even type AT"®" is decomposed into there parts : 


A^ven _ ^ ^ 


0 8 2 6 

where A_’ and A_’ respectively denotes the anti-self dnal 0, 8-forms and anti-self 
dnal 2, 6-forms. Hence from (5-3-8,10,11) it follow that 

( 5 - 3 - 12 ) A!A^" C CL^ . $spin. 


Every generalized Spin(7) form on V is given by k ■ $spin for an element k G 
CSpin(l/ © E*). Then the action of k on forms yields the identihcation, 

T7 1 r\j T7 1 

^^Spin - 

Then the operator with respect to is given by the adjoint action of /c, 

*^v ^ ^ ■ (*«’Spin) ■ ^ 


We denote by the anti-self-dnal forms of even type with respect to Then 

the action of k also indnces the identihcation between anti-self-dnal forms A®W" — 

->«Spin 

C we have A®W" C Ei 


A 


Then from A*^ 


■^Spin 


■^Spin 


Hence we have the 


resnlt. □ 



ON DEFORMATIONS OF GENERALIZED STRUCTURES 


37 


proof of proposition 5-f. Let $ be a generalized Spin(7) structure on an oriented and 
compact 8-manifold X with the differential complex #Sspin = {E'Spin(^)5 ^k] over X. 
It suffices to show that the map Pq^^.^ is injective. Note that Espin("^) and 

'EP‘{X) C We have the Lapalacian A$: —>• with respect to 

the generalized metric as in before. We denote by the Green operator of the 
Laplacian on the manifold X. Let da be a d-exact section of E^(W). Then by 
using the Hodge decomposition with respect to A$, we have 

da = d{dd*Q^a + d*dQ^a). 

We dehne G Afy®"^ by 

a- = d*dQ^ — *d*dQi^. 

Then we have da = da-. It follows from lemma 5-7 that a- G Egp-jj(W) and it 
implies that the map p^^ . is injective. □ 
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